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ON THE INTERSECTION OF RATIONAL TRANSVERSAL
SUBTORI
SHAHEEN NAZIR
Abstract. We show that under a suitable transversality condition, the intersec-
tion of two rational subtori in an algebraic torus (C∗)n is a finite group which
can be determined using the torsion part of some associated lattice. Applications
are given to the study of characteristic varieties of smooth complex algebraic vari-
eties. As an example we discuss A. Suciu’s line arrangement, the so-called deleted
B3-arrangement.
1. Introduction
Let L be a free Z-module of finite rank n, and let A ⊂ L and B ⊂ L be two primi-
tive sublattices, i.e. A and B are subgroups such that Tors(L/A) = Tors(B/A) = 0.
Consider the associated C-vector spaces
V = L⊗Z C, VA = A⊗Z C and VB = B ⊗Z C.
Let expL : V → T = L⊗Z C
∗ be the associated exponential map given by
expL = 1L ⊗Z exp
where 1L : L → L is the identity and exp : C → C
∗ is defined by t 7→ exp(2πit).
Then expL is a surjective group homomorphism with kernel L = L ⊗Z Z ⊂ V . If
a Z-basis of L is chosen, then one has obvious identifications L = Zn, V = Cn,
T = (C∗)n and expL : C
n → (C∗)n is given by
(t1, ..., tn) 7→ (exp(2πit1), ..., exp(2πitn)).
The main result of this note is the following.
Theorem 1.1. With the above notation, if in addition VA ∩ VB = 0, then there is a
group isomorphism
Tors(L/(A+B))→ expL(VA) ∩ expL(VB).
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In fact any algebraic subtorus S ⊂ T , (i.e. S is a closed algebraic subset and a
subgroup in T ), comes from a primitive lattice A(S) ⊂ L, see Lemma 2.1 in Section
II in Arapura’s paper [1]. Hence Theorem 1.1 applies to any pair of such algebraic
subtori.
This Theorem is proved in the second section. In the third section we show how to
use Theorem 1.1 to describe the intersections of the irreducible components of the
characteristic varieties of smooth complex algebraic varieties. A specific example
coming from the hyperplane arrangement theory concludes the paper.
2. The proof
Let n = rankL, a = rankA and b = rankB. Consider the quotient group
L′ = L/A, which is again a lattice, of rank n− a. The composition B → L→ L′ of
the inclusion B → L and the projection L→ L′ gives rise to an injective morphism
ι : B → L′ identifying B to the sublattice B′ = ι(B) ⊂ L′.
Then there is a basis e′1, ..., e
′
n−a of the lattice L
′ such that B′ is the subgroup
spanned by d1e
′
1, ..., dbe
′
b for some positive integers dj . Moreover there is an integer
m with 1 ≤ m ≤ b+ 1 such that
(2.1) 1 = d1 = ... = dm−1 < dm ≤ ... ≤ db and dm|dm+1|...|db.
It follows that
(2.2) Tors(L/(A+B)) = Tors(
L/A
(A+B)/A
) = Tors(L′/B′)
and hence
(2.3) Tors(L/(A+B)) = Z/dmZ⊕ Z/dm+1Z⊕ ...⊕ Z/dbZ.
Let e1, ..., en−a be any lifts of the vectors e
′
j ’s to L and let f1, ..., fa be a Z-basis
of A. Then B = {e1, ..., en−a, f1, ..., fa} is a Z-basis of L.
For j = 1, ..., b, let gj ∈ B be vectors such that their classes g
′
j in L
′ satisfy
g′j = dje
′
j. It follows that gj = djej + aj for some vectors aj ∈ A. Write now
(2.4) aj =
∑
i=1,a
αjifi
for some αji ∈ Z. By replacing ej by ej+ rj for suitable vectors rj ∈ A, we may and
will assume in the sequel that
(2.5) 0 ≤ αji < dj
for all i = 1, ..., a and j = 1, ..., b. In particular aj = 0 for j = 1, ..., m− 1.
Lemma 2.1. The vectors g1, ..., gb form a Z-basis of the lattice B.
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Proof. Note that the vectors g1, ..., gb are all contained in B and, on the other hand,
their images under ι span the lattice B′.

Assume now that expL(vA) = expL(vB) for some vectors
vA = p1f1 + ...+ pafa ∈ VA
and
vB = q1g1 + ... + qbgb ∈ VB
where pi, qj ∈ C. It follows that vA − vB ∈ ker expL = L. More precisely, we get
qjdj ∈ Z for j = 1, ..., b
and
zi := pi −
∑
j=1,b
qjαji ∈ Z for i = 1, ..., a.
It follows that qj = kj/dj and we may and will assume that 0 ≤ kj < dj, since the
value of expL(vB) is not changed when the coefficients qj are modified by integers.
Note that with this choice one has kj = 0 for j = 1, ..., m− 1. In this way we get a
surjective group homomorphism
(2.6) θ : Z/dmZ⊕ Z/dm+1Z⊕ ...⊕ Z/dbZ→ expL(VA) ∩ expL(VB)
given by
kˆ = (kˆm, ..., kˆb) 7→ expL(
km
dm
gm + ... +
kb
db
gb).
This morphism θ is indeed correctly defined since for any choice of the qj ’s as above
we may use the defining equation of zi above, set zi = 0 and determine the values
for pi’s, i.e. find a vector vA such that expL(vA) = expL(vB).
To show that θ is injective, we have to show that ker θ = 0.
Since B is primitive so on the same lines we can take the set
{g1, · · · , gb, h1, · · · , hn−b} as a Z−basis of L, where h
′
1, · · · , h
′
n−b is a Z−basis for the
lattice L/B. Let kˆ ∈ ker θ. Then θ(kˆ) = expL(
km
dm
gm+ · · ·+
kb
db
gb) = 1, which implies
that ki
di
∈ Z, for all m ≤ i ≤ b. Therefore, kˆ = (kˆm, ..., kˆb) = (0ˆ, ..., 0ˆ) i.e., ker θ = 0.
3. On the intersection of irreducible components of characteristic
varieties
3.1. Local systems, characteristic and resonance varieties. LetM be a quasi-
projective smooth complex algebraic variety. The rank one local systems on M are
parameterized by the algebraic group
(3.1) T(M) = Hom(H1(M),C
∗)
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The connected component T0(M) of the unit element 1 ∈ T(M) is an algebraic
torus, i.e. it is isomorphic to (C∗)n, where n ∈ N is the first batti number of M ,
i.e., n = b1(M). It is clear that T
0(M) = T(M) if and only if the integral homology
group H1(M) is torsion free. For ρ ∈ T(M), we denote by Lρ the corresponding
local system on M .
The computation of the twisted cohomology groups Hj(M,Lρ) is one of the major
problems in many areas of topology. To study these cohomology groups, one idea is
to study the characteristic varieties defined by
(3.2) Vjm(M) = {ρ ∈ T(M) | dimH
j(M,Lρ) ≥ m}.
To simplify the notation, we set Vm(M) = V
1
m(M). It is known that the following
holds, see Beauville [2] and Simpson [12] in the proper case and Arapura [1] in the
quasi-projective case.
Theorem 3.2. The positive dimensional irreducible components of Vm(M) are trans-
lated subtori in T(M) by elements of finite order. More precisely, for each positive
dimensional irreducible component W of Vm(M) we can write W = ρ · f
∗(T(S)),
where f : M → S is a surjective regular mapping to a curve S, having a connected
general fiber and ρ ∈ T(M) is a finite order character.
If 1 ∈ W , then we can take ρ = 1 in the above equality. Let T1W denote the
tangent space to W at the identity 1 in such a case. Theorem 2, (b) in [5] gives the
following.
Theorem 3.3. Let M be a quasi-projective smooth complex algebraic variety. Let
W1 andW2 be two distinct irreducible components of the characteristic variety V1(M)
such that 1 ∈ W1 ∩W2. Then T1W1 ∩ T1W2 = 0.
Note that any such tangent space T1W ⊂ H
1(M,C) is rationally defined, i.e.
there is a primitive lattice L ⊂ H1(M,Z) such that T1W = L ⊗Z C under the
identificationH1(M,C) = H1(M,Z)⊗ZC. Indeed, one can take L to be the primitive
sublattice f ∗(H1(S,Z)), in view of the functoriality of the exponential mapping
exp : T1T(M) = H
1(M,C)→ T(M) and of the following.
Lemma 3.4. Let f : M → S be a surjective regular mapping to a curve S, having
a connected general fiber. Then f ∗(H1(S,Z)) is a primitive sublattice in H1(M,Z).
Proof. In these conditions, it is well known that the morphism f∗ : H1(M,Z) →
H1(S,Z) is surjective. Let L0 be a primitive sublattice in H1(M,Z) such that
H1(M,Z) = ker f∗ ⊕ L0. Then f
∗(H1(S,Z)) can be identified to the dual L∨0 =
Hom(L0,Z) = {u ∈ Hom(H1(M,Z),Z) ; u| ker f∗ = 0}. Moreover H
1(M,Z) =
H1(M,Z)
∨ = (ker f∗)
∨ ⊕ L∨0 , which completes the proof of the claim.

Applying Theorem 1.1 to this setting, we get the following.
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Corollary 3.5. Let W1 and W2 be two distinct irreducible components of the char-
acteristic variety V1(M) such that 1 ∈ W1 ∩W2. Let L1 and L2 be the primitive
sublattices in H1(M,Z) associated to W1 and W2 respectively by the above construc-
tion. Then there is a group isomorphism
Tors(H1(M,Z)/(L1 + L2)) =W1 ∩W2.
Remark 3.6. Let W1 and W2 be two distinct irreducible components of the char-
acteristic variety V1(M), at least one of them, say W1 translated, i.e. 1 /∈ W1, and
meeting at a point ρ. Then we may write W1 = ρ ·W
′
1 and W2 = ρ ·W
′
2, where W
′
j
are subtori in T(M).
Assume that dimWj > 1 for j = 1, 2 (the claim is obvious when one of the two
components is one dimensional) and that M is a hyperplane arrangement comple-
ment. Then T1W
′
1 ∩ T1W
′
2 = 0, since W
′
1 and W
′
2 are again two distinct irreducible
components of the characteristic variety V1(M), see [7]. Moreover, one can see ex-
actly as above that the tangent spaces T1W
′
j are rationally defined and the above
Corollary yields a set bijection
Tors(H1(M,Z)/(L′1 + L
′
2)) = W1 ∩W2
where L′j is the primitive sublattice associated to W
′
j by the above construction.
Note that any character in such an intersection W1 ∩W2 has finite order. Indeed,
let W1 = ρ1.W
′
1 and W2 = ρ2.W
′
2, where ρ1 and ρ2 are finite order characters, i.e.
ρm11 = 1 and ρ
m2
2 = 1. Then ρ ∈ W1 ∩W2 implies that ρ = ρ1w1 = ρ2w2, where
wj ∈ W
′
j . Let m = lcm(m1, m2). Then ρ
m = ρm1 w
m
1 and ρ
m = ρm2 w
m
2 which implies
that ρm = wm1 = w
m
1 ⇒ ρ
m ∈ W ′1 ∩W
′
2 so by Corollary 3.5, ρ
m is of finite order.
Thus, ρ is a finite order character.
A completly different proof of the finiteness of the intersection W1 ∩W2 of two
distinct irreducible components of the first characteristic variety was given in [6].
Let H∗(M,C) be the cohomology algebra of the variety M with C- coefficients.
Right multiplication (cup-product) by an element z ∈ H1(M,C) yields a cochain
complex (H∗(M,C), µz). The resonance varieties of M are the jumping loci for the
cohomology of this complex, namely
(3.3) Rjm(M) = {z ∈ H
1(M,C) | dimHj(H∗(M,C), µz) ≥ m}.
To simplify the notation, we set Rm(M) = R
1
m(M)
One of the main results relating the characteristic and resonance varieties is the
following.
Theorem 3.7. Let M be a hypersurface arrangement complement. The exponential
map exp : H1(M,C)→ T0(M) induces for any m, j ≥ 1 an isomorphism of analytic
germs
(Rjm(M), 0) ≃ (V
j
m(M), 1).
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This equality of germs implies that the resonance variety Rjm(M) is exactly the
tangent cone at 1 of the characteristic variety Vjm(M), a fact established by Cohen
and Suciu [3] and which can also be derived from [8]. See also Theorem 3.7 in [4]. It
was claimed by A. Libgober that this property holds for any smooth quasi-projective
variety, see [9], but now there are counter-examples to this claim, see [5].
Remark 3.8. According to Theorem 1.1 in Section V in Arapura [1], under the
assumption that H1(M,Q) has a pure Hodge structure, the positive dimensional
irreducible components of all characteristic varieties Vjm(M) are (translated) subtori.
Our Theorem 1.1 applies to this more general setting as well. The major difference
with the case of first characteristic varieties is that distinct components do not
necessarily meet only at the origin. Here is an example for which we are grateful to
Professor A. Suciu.
Consider the central hyperplane arrangement in C4 defined by the equation
xyzw(x+ y + z)(y − z + w) = 0.
Then the corresponding resonance variety R21(M) has two 3-dimensional compo-
nents, say E1 and E2, defined respectively by the ideals
I1 = (x1 + x2 + x3 + x6, x4, x5)
and
I2 = (x1, x2 + x3 + x4 + x5, x6).
These two components intersect in the line D = (x1, x2 + x3, x4, x5, x6). This im-
plies that the irreducible components W1 = exp(E1) and W2 = exp(E2) of the
characteristic variety V21 (M) intersect along the 1-dimensional subtorus exp(D).
The fact that M has a simply-connected compactification implies the following.
Corollary 3.9. The irreducible components of R1(M) are precisely the maximal
linear subspaces E ⊂ H1(M,C), isotropic with respect to the cup product on M
∪ : H1(M,C)×H1(M,C)→ H2(M,C)
and such that dimE ≥ 2.
Proof. Let E be a component of R1(M). By the above Theorem there is a compo-
nent W in V1(M) such that 1 ∈ W and T1W = E. By Arapura’s results in [1] we
can write W = f ∗E(T(S)), where fE : M → S is a regular mapping to a curve S.
Since in our case S is rational, T1W = f
∗
E(H
1(S,C)) is isotropic with respect to the
cup product, since the cup product on H1(S,C) is trivial. Maximality of E comes
from the fact that E is a component of R1(M). The restriction dimE ≥ 2 comes
from [1]. A mapping fE as above is said to be associated to the subspace E.

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4. An example: the deleted B3-arrangement
Let A be the deleted B3-arrangement which is obtained from the B3 reflection
arrangement by deleting the plane x + y − z = 0. A defining polynomial for A is
Q = xyz(x− y)(x− z)(y − z)(x− y − z)(x− y + z). The decone dA is obtained by
setting z = 1. Let L1 : ℓ1 = x = 0, L2 : ℓ2 = y = 0, L3 : ℓ3 = x− y = 0, L4 : ℓ4 =
x − 1 = 0, L5 : ℓ5 = y − 1 = 0, L6 : ℓ6 = x − y − 1 = 0, L7 : ℓ7 = x − y + 1 = 0
be the lines of the associated affine arrangement in A2. Let L8 : ℓ8 = z = 0 be the
line at infinity and let M be the complement of dA in A2. The resonant variety
R1(dA) has 12 irreducible components of dimension 2 and 3. These components E
and their associated maps fE : M → S are given below, see [13], [14]. Denote by
e1, ..., e7 the Z-basis of H
1(M,Z) given by ej =
1
2πi
dℓj
ℓj
, see [11]. Then each of the
components E is the C-vector space spanned by a primitive lattice denoted by E0,
i.e. E = E0 ⊗Z C, so it is enough in each case to indicate a Z-basis of E
0.
1. The local components There are 7 local components, corresponding to 6
triple points and 1 quadruple point.
For the triple L1 ∩ L2 ∩ L3, we have
E01 =< e1 − e3, e2 − e3 > and fE1(x, y) =
x
y
, where S = C \ {0, 1};
For the triple L3 ∩ L4 ∩ L5, we have
E02 =< e4 − e5, e4 − e3 > and fE2(x, y) =
x−1
y−1
, where S = C \ {0, 1};
For the triple L2 ∩ L4 ∩ L5, we have
E03 =< e4 − e2, e6 − e2 > and fE3(x, y) =
x−1
y
, where S = C \ {0, 1};
For the triple L1 ∩ L5 ∩ L7, we have
E04 =< e1 − e7, e5 − e1 > and fE4(x, y) =
x
y−1
, where S = C \ {0, 1};
For the triple L1 ∩ L4 ∩ L8, we have
E05 =< e1, e4 > and fE6(x, y) = x, where S = C \ {0, 1};
For the triple L2 ∩ L5 ∩ L8, we have
E06 =< e5, e2 > and fE7(x, y) = y, where S = C \ {0, 1};
For the quadruple L3 ∩ L6 ∩ L7 ∩ L8, we have
E07 =< e3, e6, e7 > and fE5(x, y) = x− y, where S = C \ {0,±1}.
2. The non-local components There are 5 non-local components, correspond-
ing to braid subarrangements:
For X = (L1L6|L3L4|L2L8), we have
E08 =< e1−e3−e4+e6, e2−e3−e4 > and fE8(x, y) =
x(x−y−1)
(x−y)(x−1)
, where S = C\{0, 1};
For Y = (L4L8|L2L3|L5L6), we have
E09 =< −e2 − e3 + e5 + e6, e2 + e3 − e4 > and fE9(x, y) =
x−1
y(x−y)
, S = C \ {0, 1}
For Z = (L1L5|L2L4|L3L8), we have
E010 =< e1−e2−e4+e5, e2−e3+e4 > and fE10(x, y) =
x(y−1)
y(x−1)
, where S = C\{0, 1};
For W = (L1L3|L4L7|L5L8), we have
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E011 =< e1+e3−e5, e5−e7−e4 > and fE11(x, y) =
x(x−y)
(x−y+1)(x−1)
, where S = C\{0, 1};
For V = (L1L8|L2L7|L3L5), we have
E012 =< e1−e2−e7, e3+e5−e2−e7 > and fE12(x, y) =
x
y(x−y+1)
, where S = C\{0, 1}.
One way to obtain these 12 irreducible components Ej is to compute the cup-
product
H1(M,C)×H1(M,C)→ H2(M,C)
and then to use the computer program SINGULAR to list the irreducible compo-
nents of the determinantal variety corresponding to R1(dA), see for details [10].
For each fE in the list above we can use the method described in [7] and we get
that there is no translated component in V1(dA) associated to such an fE .
It was discovered by A. Suciu (again by using some computer computations) that
V1(dA) has one 1-dimensional translated component W associated to the mapping
f : M → C∗ defined as, in affine coordinates,
f(x, y) =
x(y − 1)(x− y − 1)2
(x− 1)y(x− y + 1)2
and with ρW = (1,−1,−1,−1, 1, 1, 1) ∈ (C
∗)7, see [13], [14]. In other words, W =
ρW ⊗ {(t, t
−1, 1, t−1, t, t2, t−2, 1) | t ∈ C∗}.
Let Vi be the component of V1(dA) corresponding to each Ei for i = 1, ..., 12, i.e.
Vi = exp(Ei). Then it is known that
W ∩ V8 ∩ V9 ∩ V10 = ρW
and
W ∩ V10 ∩ V11 ∩ V12 = ρ
′
W ,
where ρ′W = (−1, 1,−1, 1,−1, 1, 1) ∈ (C
∗)7, see [13], [14]. Since these results were
obtained as a result of computer computations, it is useful to provide a direct proof
based on Corollary 3.5.
Let A = E08 and B = E
0
9 be the primitive lattices in H
1(M,Z) introduced above
and apply to them the construction explained in Section 2 with L = H1(M,Z).
Here n = 7, a = b = 2. The basis e′1,... e
′
5 can be chosen as given by the following
equivalence classes
e′1 = [e1 − e3 − e4 + e6], e
′
2 = [e3], e
′
3 = [e2], e
′
4 = [e5], e
′
5 = [e7].
Then m = 1 and d2 = 2. Let f1 = e2 + e3 − e5 − e6 and f2 = e4 − e2 − e3. Then
B = {e1− e3− e4 + e6, e3, e2, e5, e7, f1, f2} is a Z-basis of L (the coefficient matrix is
unimodular) and we can take g1 = e1 − e3 − e4 + e6 and g2 = 2e3 + f2. Therefore
Tors(H1(M,Z)/(E08 + E
0
9)) = Z2.
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Now, by the morphism θ : Z2 → V8 ∩ V9 used in section 2,
1ˆ 7→ expL(
1
2
(g2)) = expL(
1
2
(−e2 + e3 + e4)) = (1,−1,−1,−1, 1, 1, 1) = ρW .
By Corollary 3.5, it follows that
V8 ∩ V9 = θ(Z2) = {1, ρW}.
In exactly the same way one can show that V8 ∩ V10 = V9 ∩ V10 = {1, ρW}. Since
clearly ρW ∈ W , it follows that the four components V8, V9, V10 and W meet exactly
in one point.
Similarly one shows that W ∩ V10 ∩ V11 ∩ V12 = ρ
′
W and that all the other inter-
sections of two irreducible components are trivial.
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